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ASYMPTOTICS OF PARITY BIASES FOR PARTITIONS INTO DISTINCT
PARTS VIA NAHM SUMS

KATHRIN BRINGMANN, SIU HANG MAN, LARRY ROLEN, AND MATTHIAS STORZER

ABSTRACT. For a random partition, one of the most basic questions is: what can one expect about
the parts which arise? For example, what is the distribution of the parts of random partitions mod-
ulo N? Since most partitions contain a 1, and indeed many 1s arise as parts of a random partition,
it is natural to expect a skew towards 1 (mod N). This is indeed the case. For instance, Kim, Kim,
and Lovejoy recently established “parity biases” showing how often one expects partitions to have
more odd than even parts. Here, we generalize their work to give asymptotics for biases (mod N)
for partitions into distinct parts. The proofs rely on the Circle Method and give independently
useful techniques for analyzing the asymptotics of Nahm-type g-hypergeometric series.

1. INTRODUCTION AND STATEMENT OF RESULTS

The study of the distribution of parts in integer partitions has a long history. For instance, many
authors have studied counting functions for partitions with restrictions on the possible parts. Here,
we are interested in the relative numbers of parts which are in different congruence classes. As
most of the parts in most partitions tend to be small, for example, including many 1s and 2s, it
is natural to expect that the parts are not equidistributed modulo N € N>,. For instance, Kim,
Kim, and Lovejoy [12] showed the following parity bias for partitions modulo 2, where p,(n) (resp.
pe(n)) denotes the number of partitions of n with a majority of odd parts (resp. even parts):

. po(n) .
pol) > i) fornge i P01y yp (1)

There are also biases for congruence classes modulo general N. A deep analysis of these was
given in three related papers by Dartyge, Sarkozy, and Szalay [6, 7, 8], who proved lower bounds
on biases for parts of partitions in congruence classes for positive proportions of partitions. This
was generalized by Beckwith and Mertens [3], who turned these results into asymptotic formulas.
Recently, the study of partition part biases for partitions into distinct parts was initiated by Kim,
Kim, and Lovejoy [12]. They conjectured an analogue of the inequality in (1.1) which was recently
proven in [2]. The goal of this paper is to refine these inequalities to precise, general, asymptotics.

For N, /,b € N, the generating function for the number ay ¢(n) of partitions into ¢ distinct parts
such that the size of each part is at least b and is congruent to b (mod N) is given by

Ne(e—1)
——5—+bL

q
ZaN,g,b(n)q": N. Ny
= (@:qN),

Here (a;q), := H;;(l)(l —aq’) with r € Ng U {oc} is the usual g-Pochhammer symbol.
Let N € N>o, K € Ng, 1 < a,8 < N, and a # 3. Denote by d[of%;N(n) the number of partitions
of n into distinct parts such that there are more parts of size congruent to o (mod V) than parts of

size congruent to § (mod N) and such that the size of all parts are greater than K. The generating
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function of d[fﬁ] y(n) is given by (throughout we use bold letters for vectors)

N-H(n)

Dn(a) =Yl N = > ? , (1.2)

n>0 neS, 3 H (q yq )

where
Sa,,B = {n = (nl,...,nN)T S Név TNy > ng}.
Moreover H: ZYN — Q is given by

H(n):= %nTn +bl'n, b= (

where
[NV.K] — (e1,...,en)T = L%J 1+(1,...,1,0,...,0)7
is such that },e; = K and 1:=(1,..., )T € ZV. Note that we have

e =e

N
> b=K+3. (1.3)
7=1

In this paper we investigate a generalized parity bias modulo N for partitions into distinct parts.
Namely, given two congruence classes «, 5 (mod N), we consider the number of partitions of n into
distinct parts with more parts congruent to o (mod N) than to 8 (mod N), and vice versa. We
study the difference between these two counts, which has generating function

K K
Z (dL g N( n) — dﬁa,i;zv(n)) q".
n>0
The case N =2, a =1, § =2, and K = 0 corresponds to the parity bias problem for partitions
into distinct parts which Kim, Kim, and Lovejoy considered in [12] (the reader is also referred to
[5, 11] for related works on partition parity biases modulo N). Our main result is as follows.

Theorem 1.1. We have

JE] _ e
g (M) = 9K+3 .35 NN-1p ]

N2 —2N[l, — ¢ — N (eg — eq 1
" Z <1+ [ B]Nj‘ﬁ fé+ (eg—e )+O< >>
0e(Z/NZ)N 2-31V/Nni

NH(£)=n (mod N)

as n — oo, where [{]n denotes the smallest positive integer congruent to ¢ (mod N).

Remark. Sums of the shape (1.2), i.e., sums over (partial) lattices of q raised to quadratic poly-
nomials divided by products of Pochhammer symbols, have been the subject of many recent works.
In particular, they are important in knot theory, algebraic K-theory, physics, and the intersections
of these subjects with quantum modular forms (see e.g. [4, 10, 13, 14], a more complete list of
references and such connections is given in [9]). They also arise (thought not always named “Nahm
sum”) in q-series and combinatorics, for example, in [1, 12]. Recently, Garoufalidis and Zagier [9]
investigated a general class of Nahm sums, but this does not allow us to study (1.2) particularly due
to more general subset of a lattice which we consider. Our analytic methods extend their methods,
and are analytically flexible. Thus, they may be more broadly useful in the study of such sums when
they arise in applications to combinatorics or knot theory.

If N=2or N > 5, then we can further simplify the asymptotic formula. In particular, in this
case the asymptotic formula does not depend on the congruence class of n (mod N).
2



Theorem 1.2. Suppose that N =2 or N > 5. Then we have, as n — 0o,

v ~N+B—a+N (es— 1
dg(gN(n) _ e 31 i <1 n + 0 Olé+ (16,8 €a) +0 ()) '
" 2K+3 . 3ina 2-31y/Nni

NG

Kim, Kim, and Lovejoy [12, Section 6] conjectured that for n > 20 there are more partitions
into distinct parts with more odd parts than even parts than vice versa. The conjecture was first
proved [2] using combinatorial arguments, but an asymptotic formula for the parity bias had not
been found. Theorem 1.2 gives a new asymptotic formula for the parity bias as a corollary.

Corollary 1.3. We have, as n — oo,

K o (DR !
o)~ Ay = s e (1+0(n)).
In particular, we have, as n — oo,

K
d[1,21;2(n)

K
d[2,1];2(n)
Remark. Corollary 1.3 answers Problem 6.1 of [2] on explicit inequalities between these quantities
(after a small correction). Problem 6.1 of 2] conjectured that for all n > 14:
1 .
,]Q;Q(n) > d[Q,}l;Q(n) lfn =0 (mOd 2)7
o(n) < db),(n) ifn=1 (mod2).

While this conjecture is true for many small values, it does not hold in general. Corollary 1.3
provides a modified version, showing that d[ll]n(n) < d[21}12(n) for n sufficiently large.

For N € {3,4}, the asymptotics of the parity bias can indeed depend on the residue classes
n (mod N). We use the following corollary to Theorem 1.1 to illustrate this phenomenon.

Corollary 1.4. We have the asymptotic formulas, as n — oo,
ew:l/; (i—i—O(n_%)) ifn=0 (mod3),
0 0 T/ %
aPham) — s = YE (10 (1)) in=1 (mods),

n
n
3

> (_%4_0(71_%)) ifn=2 (mod3).

The main tool for the proof of Theorem 1.1 is the Circle Method. We briefly outline our strategy.
Firstly, we look at individual summands in (1.2), and derive two different asymptotic series for them
as q approaches a root of unity. The first such series is obtained by considering the summands as
holomorphic functions in z (¢ = e %), and deriving an asymptotic expansion as z — 0 from the
right half-plane. Unfortunately, the asymptotic expansion only holds for a narrow cone around the
positive real line and is insufficient for the computation of the major arc contribution. Thus we
derive a second asymptotic series by treating the real and imaginary parts of z separately. This
asymptotic series is no longer holomorphic in z, but holds in a sufficiently large region. To derive
an asymptotic expansion for Dg%; ~ (@), we sum over the asymptotic series for the summands in

451

(1.2), ignoring the summands with negligible contribution. An asymptotic expansion for d, 5. (1)
is then obtained using the Circle Method. Theorem 1.1 is derived by explicit evaluation of the first

K
[

two terms in the asymptotic expansion for d[aKﬁ] N (n).
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The paper is organized as follows. In Section 2, we give preliminaries on asymptotics, such as the
asymptotic formula for — Log((¢; ¢)oo) and the Euler-Maclaurin summation formula. In Section 3,
we derive the two asymptotic expansions for summands appearing in (1.2). In Section 4, we prove
bounds for the terms we ignore in the derivation of the asymptotic expansion of D([i(ﬁ]; ~ (@), as well
as the minor arc contributions. In Section 5, we use the results obtained in previous sections to

derive asymptotic expansions for D[ ] ~(q) and d([XKﬁ] n(n). In Section 6, we evaluate the asymptotic

]

expansion of i . v (n) explicitly, and prove Theorems 1.1 and 1.2. In Section 7, we give numerical
examples 111ustrating the biases we prove.

ACKNOWLEDGMENTS

The first and the second author have received funding from the European Research Council
(ERC) under the European Union’s Horizon 2020 research and innovation programme (grant agree-
ment No. 101001179). The second author was also supported by the Czech Science Foundation
GACR grant 21-00420M, and the OP RDE project No. CZ.02.2.69/0.0/0.0/18_053/0016976 Inter-
national mobility of research, technical and administrative staff at the Charles University. This
work was supported by a grant from the Simons Foundation (853830, LR). The third author is also
grateful for support from a 2021-2023 Dean’s Faculty Fellowship from Vanderbilt University and to
the Max Planck Institute for Mathematics in Bonn for its hospitality and financial support. The
fourth author has been supported by the Max-Planck-Gesellschaft.

NOTATION

For the readers convenience we list the notation that is used in the paper. We always treat
N eNso, KeNpand 1 <o, <N, o # [ as fixed parameters.
For z € C with Re(z) > 0, we write z = (1 +iy) with e >0 and y € R, and g =e™* € C.
The constant A is fixed, real, and satisfies —% <A< —%
For ¢ € Z, we write [¢]x to denote the smallest positive integer congruent to ¢ (mod N).
We define the set Sy 5 := {n = (n1,...,nn)T € NI : ny > ng}.
We write £ = ({1,...,¢y) for an element in (Z/NZ)N. We always assume 0 < ¢; < N.
For £ = ({1,...,0n) € (Z/NZ)N, we define S, g.ne :={n € Sp5:n =4£ (mod N)}.
We let Vo) :={neN) :n= log( 6@ 1 4y, |p| < e} and erte p=mn— log(2)1.
log( )

e Forn € NO , we define u € CN entryw1se by n; = + & f’ giving a map n — u. The bijective

image of S, g.ne (resp. N; ) under the map n — w is denoted Ty s8¢ (vesp. U r). We also
10%(2) + Yi

€ NZA
e The functions C,, A, and D,., are given as

> Cr(u

r>0

define v € CV entrywise by n; =

N\‘i
||

xp(6(w.7),  with o(u2) = —bu z—+25( ),

Rfl

1 r—1
where (v,2) =— —v) — TQVQ) Lio_, <2> z —+ O (zRfl) (R eN),
7!
r:2

2
- N (W log(2 1 - Zy) — Lis (2—(1+iy)>) ’

ZDT(v,y)z% = exp(¢(v, 2)), with  ¢(v,2) = —blvy/z — — —|— Zﬁy < Y z>
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=}
_

_ ) r—1
where &y (v,2) =— (B, (—v) = 6,20%) Lia_, (2_(1“3’)) ZT +0 ("1 (ReN).
r=2 ’

e The functions D([IKB] N and D([fﬂ]; N are defined as

N-H(n)

,D[K} (q) — Zd[K] (n)qn _ Z q
a,B;N a,B;N N . ’
n>0 neS, g Hj:l (qN’ qN)n]-
NH(n)
K q
DL,ﬁ];N,e(Q) = Z N

NESu piN L Hj:l (¢™; qN)nj

e The functions fgg; N> ggfé],; N> g([ﬁ;;l]]v,e, and gg{ﬁzj]\,e are given as
—NH(n)z
K] € (K] (K] c
fi B'NIZ(Z) = Z N ) 9o 6~N£(Z) = fapNe (7) )
[I=EEARS nesa‘B;N’e H]Zl (e_NZ; e—Nz)nJ [I=EEARS 54V y N
—H(n)z —H(n)z
[5,1] — ¢ [%,2] o ¢
Jopine(2) = Z I, (e #e2) o pine() = Z T, (e e )
77,€Sa,ﬂ;N,£mNe,>\ Jj=1 € ) € nj 'ILESO"[;;N,[\NE’)\ j=1 € € n;

e For u € CV, we let u, be the a-th entry of u, and u[y) be the remaining N — 1 entries. For
convenience, we write u = (u[1],ua). Analogously, we write ;) for the corresponding N — 1
entries of . For 1 < ¢ < N, ¢ # a, we let u. (resp. u,) be the c-th (resp. a-th) entry of w, and
upg) for the remaining N — 2 entries. For convenience, we write u = (u[y], ua) = (U[2], Ue;, Ua)-

e For fixed £ € (Z/NZ)N, the sets Ua (1)), te, and Upyy are defined as

log(2)
N

Uy (u[l]) = {U5+t\/g Dt € [la —ﬁg]N—i—NNO}, U 1= {—

s o log(2) o "' <
=g € (o PRV e <2t

e The functions G; and G are given by

+tVz t€€c+NN0},

7r2
Gj(u) = e Cju)e ™, Gia (upy) = Y. Gy (up),ua).

ua€ua (u)

e The coefficients Ep,, V;, and W, are defined as, with R € N,

N  R-1
(K1) _._er £ N o (N1 43R(M2)
S ) = S b (O,
72N Rl r 1 . N+R 2N
S G = Y ijwm(g(“g)(gﬁmm1>+ ny >
’U,E'Ta’ﬂ;N,[ﬂug’/\ r=—N
1 ugty/z00 = (r) r
Z Gj (u[l],ua) =: NG Gj (u[l],ua) dug + Z WTGJ-T (u[l],ug) 22
ug r=0

ua€uta (up)

L0 <E<A+é)<3j+R+1>+’*;leﬁZ§ ) ,



2. PRELIMINARIES

We first recall several special functions. For s € C, the polylogarithm is given by
: w"
Lls(w) = Z E, ‘w| < 1.

n>1

For w € (0,1), define the Rogers dilogarithm function (shifted by a constant so that L(1) = 0)
2

L(w) := Lis(w) + %bg(w) log(1 — w) — %

L <;> = —ﬁ. (2.1)

Let B,(x) denote the r-th Bernoulli polynomial defined via the generating function

It is well-known (see [20, p.6]) that

oo

temt tn
= ZBM)H

n=0

The r-th Bernoulli number is given by B, := B,(0).
We use <, >, and =< to compare the size of quantities, without any assumption on their signs
or arguments unless stated otherwise; e.g., for y € R, y < 1 means —C' < y < C for some C > 0.
We first give a basic estimate for (¢; ¢)3!; the proof of the following lemma is straightforward.

Lemma 2.1. Let € > 0 and z := (1 + iy). Suppose y < ez to for some 6 > 0. Then we have!

2 1 z z
—Log((¢,9)00) = 5, T5Los (g) —51 T &

as z — 0, where the error term £ satisfies £ < z* for all L € N.

The following lemma is a special case of Lemma 2.1 of [9].

Lemma 2.2. Let z,w € C with Re(z) > 0, |w| < 1, and v € C such that vz = o(1). Then?

—ua . 1 1 2z w
Log ((we™q;q) ) = —ng(w); - <u + 2) Log(l —w) — = 1w + Yy (v, 2).
Here ¢, (v, 2), for R € N, has an asymptotic expansion as z — 0 with Re(z) > 0
R-1 erl
Uy (v, 2) = — Z (Br(—v) — (5T,2u2) Lig_p(w) . +0 (zR_l) , (2.2)
r=2 )

with 6;, the Kronecker delta symbol. In particular, for every n € Nq the coefficient of v™ is O(z%n).

Remark. [9, Lemma 2.1] is only stated for real z. However, a line-by-line check of the proof therein
shows that the statement still holds for complex z.

We also make use of the following version of the Euler—-Maclaurin summation formula. The classi-
cal version of Euler-Maclaurin summation compares the sum Y. | F(n) to the integral [ F(z)dz;
this version makes use of the same expressions but with a change of variables F'(z) = f(zz+a). A
related “shifted” version of Euler-Maclaurin, can also be found in Proposition 3 of [19].

1Throughout7 we take the principal branch for the logarithm.
2In [9, Lemma 2.1], there is a cyclic quantum dilogarithm term, which vanishes if ¢ approaches 1.
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Proposition 2.3. Let a,z € C. Let f be a holomorphic function that is defined in L(a,z) :=
{tz+a:t€R{}. Then we have, for all m,R € N,

Ui a+mz mz 4+ a a
Zf(n2+a):i/ f(x)dx—l—f( +a) + f(a)
n=0 a

2

R
BQ’“ fF@r=1 _ pl2r=1) ar [T (2R+1)
+ Zl ( (mz+a)— f (a)) +0(1)z /a )f + (:c)‘ dz.

Furthermore, if f has rapid decay on L(a, z), then we have

Zf (nz + a) _ 1 /a+zoo f(z)dz + J(a)

2
n>0

& B2rz - or [“T ser)
- Z (a) +0(1)z ’f (l’)‘ dx.

3. ASYMPTOTIC FORMULAS FOR SUMMANDS

3.1. The setup. We study the asymptotics as z — 0, in the right half-plane, of the function

efH(n)z

—
Hj:l(q ; Q)nj
For z real, asymptotics for (3.1) were obtained in [9, 18]. To avoid confusion, we write ¢ > 0 for a

real variable and denote by z = £(1 + iy) a complex variable with Re(z) > 0. For —% < A\ < —1,
we define, with |u| the (Euclidean) norm of the vector p,

(3.1)

1
Ny = {nENéV: = og( )1+u, | < et }

Remark. There is a general philosophy behind considering this expansion. As in [9] (see page 3),
and other references studying Nahm sums, natural vectors to “expand” around are solutions to the
so-called Nahm equation (essentially, this corresponds to the saddle point). In our situation, H(n)
can be decomposed into a quadratic form piece and a linear piece, and the quadratic form piece
is simply the form 3|n|?. In this case, the Nahm equation (see (6) in [9]) becomes 1 — z; = z;,
(1 < j < N) which has unique solution in (0,1)V equal to %1. As explained in Proposition 2.1 of

log(2)

9], one should center the expansion around nj ~ élog(%), which in our case becomes n; ~ ==
J

for all j. Thus, @1 1s the saddle point we need to expand around, which, philosophically, explains
the definition of Nz x. This also becomes apparent in the forthcoming proofs.

In this section, we prove asymptotic formulas for (3.1), in the case n € N ).
3.2. Narrow range estimates. We prove asymptotic expansions for (3.1) if n € N ).
Proposition 3.1. Let n € N., and u € CV be such that, for 1 <j < N,
log(2 Uj
N g(2) 4+ Y

;= —, 3.2
1 » \/E ( )
Suppose that y < €° for some § > 0. Then we have
— 72N Nz
LT ()T e bTufHexp( (2.2)). (33)
Hj:1(q;Q)nj Q0 9K+3 i=1
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where, for R € N, £(v, z) has an asymptotic expansion as z — 0

R-1 r—1
1\ =z
2\ 7 R—1
f(l/, Z) = - Z; (Br(_V) - 5r,2V ) Liy_, <2> ! +0 ('Z ) . (34)
Proof. We write
1 nitl
(43 @)n; (4 9)oo
By (3.2) we have ¢" = %e_“jﬁ. Let v; == % Since n € N 5, we have, for some |p;| < &,
log(2) log(2) log(2) 1 log(2)
e T . )T ity Ttiy) = M (36)

If y < €%, then the first term in (3.6) has size £°~!. Since |pu;| < €}, we conclude that v;z = o(1).
Thus we may apply Lemma 2.2 with w = %, and deduce that
1 1 1\ vz
. 1 .
Log ((q”fr ;q)oo) =- Lis <2> +log(2) <1/j + 2> — 37 + w%(vj,z). (3.7)

By (3.5), (3.7), and Lemma 2.1 we have, with £ satisfying & < 2% for all L € N,

1\ 1 1\ vz 2 1 o\ 2
—Log ((¢; ¢)n;) = — Liz (2) 2 + log(2) (uj + 2) — 5 +1/J%<Vj,z) + 6 3 Log (z> ~ o1 +£&.
Now let &(vj,2) := 11 (v, 2) + €. Since £ < 2L for all L € N, it follows that £(v;, z) has the same

2
asymptotic expansion as ¥1 (v, z). So we may write
2

1 T z

2 2
~Log ((a:0)n,) =~ Log (T) - 2 + (7;, - L, (;)) > o — 27 1 €0, 2).

Summing over j gives

N N 2
N ™ Nz 72 (1 N viz
- Y tor (o) =y 1ox (3) - 5 + (5-1(3)) 7+ > <1og<2>uj S e z>) . (38)
Using (1.3), we note that
N
~ Nlog(2)* log(2) 1 7 1 T
—H(n)z = — - Zu] —puu- log(2) | K + 5) b uy/z. (3.9)

We combine (3.8) and (3.9) and get

~H(m) N N 2 1\ N & 2
Log (M) =7 Log (g) - TZ + <ﬂ(_3 — Lip <2>> ~t Z <10g(2)1/j - % —0—5(1@,2’))

J=1

Using (2.1), we evaluate

2 2 2
i (L) L le@P NN VN N
2 2 6 z 2) z 12z

Finally, using this and the fact that v; = %, we may rewrite
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. < e—H(n)z )
og| ———
15 (45 ),

N N N 1 - ]
- ten()+ T - s ) (4 ) 19 (12).

Finally, we obtain (3.3) by exponentiating. O
Now we use Proposition 3.1 to derive an asymptotic expansion for (3.1).
Proposition 3.2. Assume the setup as in Proposition 3.1. If y < e3to for some § > 0, then we
have, for R € N, uniformly in u,
2
—H(n)z N o—uTu R—-1 )
. :(E>2 e Cp(u)2? +O(3R51)2’2612]j€ ulu,

i@, 7 ofty

where 01 := mln{(S + A} > 0. The C,(u) are defined as coefficients of the formal exponential

> Cr(u

r>0

Mﬁ
||

xp(d(u,2)),  o(u,z2) = —bTuyz — — + Zg < > : (3.10)

and &(v, z) has the asymptotic expansion given in (3.4).
Proof. Using (3.3) and (3.10), we have, as a formal power series,

2N
e—H(n)z N T

Z\ 2 e 12z wTu r
Hj’vﬂ(q; Do, = (;) oK1 TZZOCT(u)m
It remains to show that for R € N, uniformly in u,
(E) 1;] e7r122 —uTu ZC g _ ( 3R51) 22 enge—uTu (3‘11)
T 2K+2

As y < €379 we have z < ¢. Since n € Nz, we have |u| < &*, and it follows from (3.6) that
v L e ~5101 and lu| < £~ 619 Now we consider the asymptotic expansion of o(u,z). As ¢ (vj,2)

and £(v}, z) have the same asymptotic expansion (see the proof of Proposition 3.1), we use (2.2)
and deduce for S > 3 that

N S-1 u2 1 Zr—l
¢(u7 Z) =-bluyz— - — Z Z ( ( > - (57‘,25) Lis—, <2> ol

j=1r=2
+0 (5%(5—3”551) . (3.12)

Uniformity in w follows as the implied constant in the error term is independent of u.
Finally, we prove the proposition by showing that exponentiating (3.12) gives a well-defined
1

asymptotic series. For this rewrite (3.12) as a formal power series in z2
=: Z gm(u)z? .
m>1
Then, since deg(B,,) = m, it follows that deg(g,,) < m + 2. For m € N, we have

gm(u)z% < eMID(-5+a)+5  m5tt(ma2)o
9



m
2

It follows that for all M € N, we have S g,.(u)z
(3.12) and obtain a formal expression

exp(6(u,2)) = exp | 3 gm(wz¥ | = [ o222 § 0, (u
k>0

m>1 m>1 r>0

= O(£3%) uniformly in u. We exponentiate

m\‘!

with Cp(u) = 1. We claim that deg(C,) < 3r for all » € N. To see this, we observe that

deg(Cy) < _max Z deg(gm,)

my=r
¢ (m17m27-")

Here the maximum is taken over sequences (m1,mg, .. .) of non-negative integers satisfying > ©, my =
r. But since deg(gm,) < m + 2 < 3m for m € N, we deduce that deg(C,) < 3r for all r € N as

claimed. From |u| < e=679 it follows that for all R € N, uniformly in u,
exp(¢ Z Cr( 22 + 0 <53R51) .
This proves (3.11), and hence the proposition. O

3.3. Wider range estimates. To establish an alternative asymptotic expansion for (3.1), which

is valid on the major arc, let A := (1 + 2_ (i) )In, with Iy the N x N identity matrix, and

1—2—(+iy)
m  log(2)*(1 +iy)* (1+i
= —_—— _— 1 - Zy)
Aly) : N(G 5 Liy (2 ))

Proposition 3.3. Let n € N, \ and v € CN be such that for 1 < j < N,

_log(2) vy
n; = - +\/E‘

Suppose that y < em1=5 49 for some 6 > 0. Then we have

(3.13)

_H(n)e (K 2) ) (1 _2_(1+z‘y))_12V v (;)
s

N4

e

11 (g: @)n;
N
coxp | S0 T LEBIT W) Z "av -~ b7oyz | TLew (s (

).

N

z 24 = e
where, for R € N, &,(v, z) has an asymptotic expansion, as z — 0,
R—-1 r—1
& (.2) = = Y (By (=v) = 600 Lig—, (2709)) T 0 (571). (3.14)
r=2

Remark. Note the difference between w and v in (3.2) and (3.13). Writing n in terms of v
(instead of w) allows to derive an asymptotic expansion which holds for a wider range in y.

Proof of Proposition 3.3. By (3.13), we have ¢"i = 2~ (H+)e=vVZ Define vj = % Then we have
log(2
Vi =n; — 08(2) :O(s/\).

Ify < 5_1_%”, then z <« 6_%‘“52, where d2 := min{1 + %, 0} >0 and vz = o(1).
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Define w := 2-0+%)_ Observing that |w| = [2~0+%)| < 1, we may apply Lemma 2.2 and deduce

2

Log((q”j+1;q)oo) _ _Lizz(w) _ <Vj + 1> Log(l —w) — %% —|—1j}w(uj,z).

Using Lemma 2.1 and (3.5), we sum over j and get, with & satisfying £ < 2 for all L € N,

al NL(w) & 1 V2w
- ;Log((q; Qn;) = L + Z - (Vj + 2) Log(1l —w) — o 1w + (v, 2)

j=1

— —Lo ——4+N
62 2 24+ £

N N <27r> Nz
Now let &,(vj,2) := ¥, (vj,2) + €. As we have € < 2zl for all L € N, it follows that &, (v}, 2) has
the same asymptotic expansion as 1,(v;, z). Next, using (1.3), we have

Nlog(2)?(1 + iy) _ log(2

—H(n)z = — 5 +Z?J Z v — v Ty —log(2) <K+ ;) (1+1iy) — bl vy/z.

The rest of the computation is analogous to that of Proposition 3.1. ]

Now we use Proposition 3.3 to derive another asymptotic expansion for (3.1); the proof of the
proposition follows mutatis mutandis the proof of Proposition 3.2 and is omitted here.

Proposition 3.4. Assume the setup in Proposition 3.53. If y < em1-5+6 for some § > 0, then we
have an asymptotic expansion for R € N, uniformly in v,

efH(n)z

11 (g: @)n;

—(K+1)(1+i i) "F 2\ 2 AW
:2(+2)<+y><1_2<+y>) (%) e

Z2

_L1,T L (—log(2)(1 Log(1—2-(+w))) z
w e 7Y Av+—= ( 0g(2) (1+iy)—Log UJZD v,y)2

+z

¥ AW 3ol Av+ o (— log(2)(1+iy) - Log(l 27w S "’JO( QR%),

where d := min{1 + 5} >0, D,(v,y) are defined as coefficients of the formal exponential
3D (0.)5 = ep(@(v,2), 9(v,2) == —bluyE— A 4 Zsy (),
r>0

and @(%, z) has the asymptotic expansion given in (3.14).

4. ERROR ESTIMATES

In this section, we establish some error estimates which are used in Section 5.

Proposition 4.1. For every L € N, as Re(z) — 0 in the right half-plane, we have

>

’nENé\r\/\/’g,A

e—H(n)z

N
11




Proof. First suppose that z = € is real, i.e., y = 0. Fixn € Név \ N, and let p € RY be such that
n; = log( ) 4 pj for 1 < j < N. We use (3.5). Observe that g™ = Je #i°. Using the power series
expans1on log(l —x) = — Zn>1 %, we expand

—kpje
Zlog SIS 5) g ML (41)

j=1k>1

i—%forx>0,wehave

e~ kuse 1 1 1 1 ke
1— . [ R ety
i kW)(k:a 2) ke (“J+2> T

Plugging this into (4.1) gives

Zlog (¢ 59) ) < NL12<) —l—Z(log ( ;>—”;5> (4.2)

Combining (4.2) and Lemma 2.1 yields for L € N, as ¢ — 0,

e—H(n)e T T €
o () < —Hm)e 4 %28 iy () 2 Ylog (2) 3 + la2) — ) 2y + N8 (49
J=1V0"/ Jj=1

Next we compute

log(2)2N ol ol
—H(n)e = ——=07— —log(2) ) _pij — p" u —log(2) Y b —b"pe. (4.4)
j=1 j=1
Plugging (4.4) into (4.3) and using (2.1) gives
—H(n)e 2N
log ;) <t (4.5)
[T=1 (@ @n, 12e
where N N
N m Ne ¢ €
Ti=—"1 <7)———7 —u s —log(2 - bTpe + NE.
5 log o0 Q;M p! s —log( );b; pe +

Ifo>01< —% S, and |u| > €', then T is dominated by —pu” w5 and there exists eg > 0,
independent of [, such that T' < — 1 2l+1 for € < g9. Plugging this into (4.5) shows, for € < ¢, that

e—H(n)a

11 (g 9)n;

2N 2041

<ete 1. (4.6)

Now consider the sum
—H(n)e

Y =) ) = > R(r). (4.7)
neNN\M; » ]._[] 1(q7 Q) r>1 peNN\N. Hj:l(Q7 Q)nj r>1
e pl<emT

For R(1), the sum is over m € N \ M.  with 1 < || < e~!. Note that n € N} \ AL, implies
0 ) 0 )
|| > €*, so we are really summing the terms with e < |u| < e~!. From (4.6), the summands in

2 2,\+1
R(1) are bounded by e 22 ~ =1 . Since R(1) contains O(¢~") terms, we conclude that for ¢ < &g
2N e2AF1
e 12¢ 4
R(1) <« N (4.8)

12



Now consider the summands in R(r) for r > 2. Since |p| > e~" 1 it follows from (4.6) that the

. xiN 2 :
summand is bounded by e 122 7 . As R(r) contains O(¢~"") terms, we conclude that for € < ¢,
2N e3-2r
e 12 4

R(r) < T (4.9)

Plugging (4.8) and (4.9) into (4.7), we deduce that

22+1
H(n)z—: 676 1 2N

e =2 e
Z T ZR(T) < e N T Z N7 <eheme

neNN\N. =1 (G Dn; 5 r>2

e3—2r
4

for all L € N as € — 0. This establishes the statement for z real.
The general case follows from the trivial bound

' —H(n)z - —H(n)e
[T (g a)ny |~ T (lalslal),,

The following proposition helps to establish the minor arc estimate for (1.2).

Proposition 4.2. Let n € N\, and suppose that e 7% < |y| < Z for some § > 0 sufficiently small.
Then we have, for all L € N,

131 (a5 ),

Proof. As ¢ = e * = e~*(14%)  the assumption e < |y| < T implies that el=% < |Arg(q)| < .
For 1 < 5 < N, define the sets

Qi ={d":1<k<n},  Q i={scQiRe(s) <0},  Qf:=Q)\Q;.

If 179 < |Arg(q)| < m and n € Ny, then one can show that there exists C' > 0, independent of j,
such that \Qj_] > Cnj; for € > 0 sufficiently small.

Next we give an upper bound for |(g; q);jl\. For this, we note that for s € C, we have |1 —s| > 1
if Re(s) < 0. It follows that
1

(4 D,

1 1
< II h—k}g I1 rpd
1<k<n; q 1<k<n;
quQ;f quQj'
As shown above for ¢ > 0 sufficiently small, we have |Q;'| > Cn;. It follows that the number

of terms in the product is bounded above by |Q;r| < (1 - C)nj. As (1 —|g/*)~! decreases as k
increases, we obtain an upper bound

. ) la—Cms) )
‘(q;q)n]- = 1<1,€1nj 1— gl = kl;[l 1—af* ~ (alslaD [ 1-cym,)
q"eQf
This yields
| e—H(n)z - e—H(n)e |
Ty (@@, |~ TS (lals gD a—cmy)

13



Finally, if n € M, \ and € > 0 is sufficiently small, then we have

o—H(n)e e~ H((1=C)na .o, [(1-C)ny e N
N < =o0 (5 el2s>

[L=i (gl laDa—cyn,) 122 (ldls lal) | —cmy)

for all L € N by Proposition 4.1, since (| (1 — C)ni],...,[(1 = C)nn]) &€ M. 0
K
5. ASYMPTOTICS FOR d[mg; (1)
We split the sum DLKL% N as
NH(n)
K K K q
o= Y @ D= Y = ()
2e(Z/NZ)N NESq N, e [Tj=1 (@¥;4%),,

where Sy g.ne = {n € Su5: = £ (mod N)}. We always pick the representative for £ € (Z/NZ)N
with 0 </; < N (1 <j<N). Let (y := ¢*¥ . Then we have

K _ NH£ K
DI v elCve™™) = Oy o),

where
f[fg ne(2) = Z e—NH(n)z
Q, 05UV, : N — JRpp—
neESq, 8N, Hj:l O Nz)nj
It is more convenient to investigate
—H(n)z
(K] (K] < €
Japin (%) = fo v (7) = D =N
«a o N €SN Hj:l (e Ze Z)nj
We split
K K1 K,2
9(2) = 9 e(2) + 005 o2). (5:2)
where
—H(n)z —H(n)z
(K,1] . e [K,2] — €
ga7ﬁ N,@( ) Z HN (6_3. —Z) ) ga,ﬁ NE( ) Z HN (e_z_e_z)
nesa,ﬁ;N,emNs,)\ J=1 '€ nj n€Sy g N, \Ne, 2 Jj=1 ’ nj
Proposition 5.1. If y < '™ for some § > 0, then we have, for R€ N as z — 0,
e 122N Al 1 2 2N
g([xKﬁll]VZ( ) = il N Z EE TZ2 + 0 < (>‘+§)+3R(A+§)e 12¢ ) )
2K+27r5 —0
where the Ky, are explicitly computable. In particular, for every L € N, we have as, z — 0, with
L—-N )\+
Ry = Ro(L) := [—322 3212 1

e 122 ~ T 72N
g[lfﬁlgve( )= Z 22 +0 (6L612s> .
27r2 —0

We prove Proposition 5.1 in a series of lemmas. Let 7, g.n ¢ be the bijective image of S, g.nv e
under n — w given in (3.2), and U, , the bijective image of N, ) under the same map. Since n — u

takes RY to (—% + Ry/2)N, we have T, g.ne C (—% +Ry2)N c CV.
14



Lemma 5.2. If y < e for some 6 > 0 and P(u) is a polynomial in w, then, as z — 0,

7’U‘TU 7UT’u,
Z ’P(U)e =0 (gL) , and / o () N P(u)e -0 (gL) _
uE€ T, 8;N,e\Ue A (*THR\/E) \Z/Ie)\
for all L € N.
Proof. Let p € RY be such that nj = log€(2) + pj for 1 < j < N. We may rewrite
log(2)y/z 1
e Ty VR (5.3)

For y < et the first term in (5.3) has size < e3+M0 This implies that
1 3
Tm(u;) < g2t gatA+9,,

Meanwhile, if y; > €, then we have Re(u;) > 3 . In particular, this implies that Im(u;) <
e’ Re(uj). As m ¢ N\, we have |u| > €*, and in particular there is some j such that pu; > e* for
some j. Thus —u”u has negative real part of size > e'1t2* as ¢ — 0. As 1+ 2\ < 0, this implies

T L T L
Z ’P(U)e wH =0(e"), and / @ 1 N\u P(u)e™ u‘du: O (")
u€Tq ;N0 \Us A <_7+ ﬁ) A
for all L € N, noting that P(u) only has polynomial growth. O

Now we prove a bound on the size of the exponential factors appearing in Proposition 3.2.

Lemma 5.3. If y < e"t?M9 for some § >0, and u € U: », then we have, as z — 0,

72N

e 12z e

72N

T
- < ez,

Proof. We first estimate the real and the imaginary parts of v/z. Writing v/z := g¢(1 —H’yo) we have
6—60(1 v2) and y = 7 2y° . Since & > 0, we have 1 — 2 > 0, thus |yo| < 1. So 0 < 1 —y2 < 1, and

y = 1+)\+(5 , we have 1— yO _ 1—|—O( 2+2/\+25) and g9 = 62(1+O( 2+2)\+26))
We next bound eRe(-u"w) For this, we compute
N N
= ZRe (—u Z (Im(u;)* — Re(u;)?) . (5.4)
=1 j=1
Since log(2)
og . .
u; = — - (1 —iyo —y2 + O (yg’)) + njeo(1 + iyo),
it follows that
L log(2) 3 ,
Im(u;) = —= (yo + O (v5)) + nj€00,
Im(u;)? = M( +0 () +njlog(2) (5 + O (v3)) + niedys (5.5)
i) = 50 Yo j 108 Yo Yo i€0Y0- .
Since u € Us , we deduce that n; = 2(log(2) + O('™)). Plugging this into (5.5), we get
log(2)? 1
Im(uj)? = 5(2) (y% +0 (y(?j)) + - <log(2) +0 (51+>‘)> log(2) (y(z] +0 (yg))

0
+ 2 (10s@) + 0 () <3,

15



Using e = e3(1 —43), (1 —12) P =1+ 42 + O(y), and yo < '™, we may expand

log(2) 51 — %) (2 +0 () + é (108(2) + 0 (1) ) 108(2) (45 + O ()

+2 (108 + 0 (2)) 33 (1483 +0 ()
= B 1 o) + BB (14 0 () 4 DB (1 0 (20

3

yf) (3 log(2)* + O (51+/\>) < y: <2 log(2)%* 4+ O (5”)‘)) .

It follows by (5.4) that

Im(uj)2 =

2

Re (—uTu) < Ny <Z log(2)2 + O (51‘”)) . (5.6)

€

On the other hand, we have

2N\ 72N 1\ 7N , )
Re <12z>_ 12¢ Re<1—|—iy>_ e 1=y +0().

Combining this with (5.6) we obtain, for ¢ > 0 sufficiently small

2N v\ N (7 3 14x 4 2N
Re<12z>+Re(—u u)—g(u—l—y <4log(2) —54—0( ))—i—O(y ))S T2 O

We next show the following lemma.

Lemma 5.4. If y < '™ for some § > 0, then for R € N we have, as z — 0,

2N

SRR S > 0, )2 40 (OO
’ 2

r=0 ueTy, g;N,eNU: 2

Proof. Summing the asymptotics in Proposition 3.2, we obtain®

gg,(ﬁl]]ve()_<)26uz S eeC )t

r=0 ueT, ﬁNgmUE)\

LYo <53R(A+%)) S e (5)

uETo,;N,eNU A

N\»—A

Since the summation over 7, g.n,¢ NU; \ contains < eV terms, it follows from Lemma 5.3 that the
second term on the right-hand side of (5.7) is bounded as claimed. O

For convenience, we set for j € Ny

Tr2
Gj(u) = eTIzVC’-(u)e_”T“,
where the polynomial Cj(u) is defined in (3.10); in particular, we have deg(C;) < 3j (see the proof

of Proposition 3.2). We next estimate ), .1 sverthon G i(u).

3Note that 6 in Proposition 3.2 takes the value 6; = A —l— £. The error in (5.7) makes sense, because the error in
Proposition 3.2 is uniform in w.
16



Lemma 5.5. If y < et for some § > 0, then, for R € N, we have, as z — 0,

> Gj(u) = ¢ Z V22 +o( (A1) (3j+2N+R-1)+ DR ef;;)

uETaﬁ;N,gﬂUE’)\ r=—N

Proof. For the first step, we consider the sum over u,, the a-th component of u. To emphasize
this component, we write u[j) to denote the remaining N — 1 components of u, and u = (u[l] Uy )-
Note that this notation does not say that u, is the N-th component of u.

We decompose

Z G](u) = Z Z Gj (u[l],ua) , (5.8)

UETq,8;N,eMU A up eCN -1 Ua Ela (u[1]>
Huae(C,(u[l] ,ua)GR,B;N,gﬂL{E,A (u[l] ,ua)el/{a,)\

where
Uq (u[l]) = {Uﬂ +t/z : te [lo — KB]N + NN()} .
If u[y) is such that there exists uq € C with (u[y),ua) € Ta,g;n,e N Uz x, then we have

Uy (u[l]) = {ua eC: (u[l],ua) € 7-047&]\]’3} ,

so the decomposition (5.8) makes sense. We evaluate the sum variable by variable, starting with
the innermost sum over u,. By Lemma 5.2, we may extend the inner sum in (5.8) by removing the

condition (u[y], ua) € Ue,x. This introduces an error term of size O(er )e% for all L € N, which is
negligible. By Proposition 2.3 with a = ug + [lo — {g]Nn+\/2, 2 — N4/z, we obtain

Y. Gil(uppua) =

ta€tta (upy )

1 uB—‘r\/EOO

1
Gj (up), ta) dug + =G Jug + RN
NVZ Jugtita—tslnvz i () 5 Gi (upyus + [la — Lg]nv/z)

R _1
BQTNZTflzr 5 or—1
2T =G (g up + o — b5l 7)
r=1
ug+-+/z00
+0(1)2R/ | (u[l],ua)‘dua. (5.9)
ug+[la—Le|NVz !

First we estimate the second integral in (5.9). By a direct calculation, we see that, for k € N

7T2
Gg-k) (u[l],ua) = eTZzVPk(u)e_”T“,

where the derivative is taken with respect to u, and where Pg(u) is a polynomial of degree at most
3j + k. By Lemma 5.2, we may restrict the second integral in (5.9) to Uy, introducing an error

71_2
of size O(EL)eTIzV for all L € N. Now we consider the part of the integral over U, », which has

measure < £33, For u € Uy, we use |u] < 23 and Lemma 5.3 to conclude that

Gé’k) (up), ua) < e+ 5) @+ T (5.10)

/ug—I—\/Eoo
ug+lla—Lg]NVz

Hence

2N

dug < eOT2)BIT2R42) ot (5.11)

GRR+D) (

U] Ua)

17



Next we consider the first integral in (5.9). We split

ug+-/200 ug+-/200 ug+[la—LgINVZ
/ Gj (u[ll’ ua) dua = / Gj (u[l],ua) dua — / Gj (u[l],ua) dua.
ug+la—Lelnyz ug ug

We keep the first integral on the right-hand side. For the second integral, we apply Proposition 2.3
(with a = ug, z — [lo — £g]N+/2) to obtain

ugtlla—tslnyz Oy — 1 2
/ Gy (upy o) dup = Lo INVE QB]N\[ (G (upap ug + [la = Ls]nv/2) + G (up), us))
up

_ZR:BQTW‘%]%ZT (G2 (upay, s + o — Eoln/2) = G2 (ugyy, us))
(2r)! J 1) U+ tha = EalN J -7

r=1

I
z

Gty (u[l],ua)‘ dug. (5.12)
B

Using (5.10), we conclude

GRR+)

CRE (4,1, ug) | < dOFB @2 T (5.13)

/Uﬂﬂfa —Lslnyz

B

It remains to consider terms of the form G;k) (up), ug +[la — 5] N+/2) appearing in (5.9) and (5.12).
We apply Taylor’s Theorem and rewrite

R—-1 T
k [ga — f ]T zZ2 k4r
G (upy,ug + [la — a]nVz) = > %Gg ) (g, ug)
r=0
1 u/3+[£a_eﬂ]N\ﬁ k B
™ (R—1)! / G§- 1 (U[1],ua) (e — u,g)R Ldug,. (5.14)

6
Using (5.10), we conclude that

/“BHfafﬁ}Nx/?

R 2N
2

etz . (5.15)

G§k+R) (u[”’ Ua) (g — UB)RildUa < E(/\+%)(3j+k+R)+
5
Combining (5.9), (5.12), (5.14), and applying the error estimates (5.11), (5.13), and (5.15), we write

1 ugty/z00 iy () r
Z Gj (u[l], ua) = rﬁ Gj (u[l], ua) due + Z WTG]- (u[l],U5) Z2
ua€tia (up)) uﬁ r=0
+0 <€(A+§)(3j+R+l)+R21€7&ég> ’ (516)
where
1 [ly—7
W = 2[ NB]N, (5.17)
Wy (L M= Gl Fa =ty | 5~ B (o = Lal3 = N o —
T\2 2N 7! — (26)!(r — 2t + 1)IN
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Next we consider the summation over the other variables. We set
Gjo (upy) == D, Gj(uppua).
ua€tta (up))
Let 1 < ¢ < N, ¢ # «, and consider the summation over u.. To emphasize the c-th and the
a-th entries of u, we write ug) to denote the remaining N — 2 components of u, and write u =

(u[2],uc,ua). We are again abusing notation and this does not mean that wu.,u, are the final
components of u. We write ufy) = (u[g], uc). We consider

> Gj(u) = > > Gj (upy, va) ,
u€Tq,6;N,eNUe 'u.[z]E(CN*2 Ue€le, Uq Uy (u[2],uc)
Fue,ua €C,(U[2) et ) ETa, g;n,6NUe (w[2) st tia ) EUL A

where

U :_{ lo\g;) IENCE teECJrNNO}.

Analogous to the summation over wu,, we may use Lemma 5.2 to extend the sum by removing

the condition (u[g), uc, ua) € Ue x, introducing an error of size O(eh)e == o> for all L € N, which is
negligible. So we may consider instead the sum

Z G (u[2]aU07ua) = Z Gja (U[z]ﬂuc) -

UcEUc UcEUc
ta Etta (upauc)

Again, we apply Proposition 2.3, and write

log(2) +/Z00

B 1 log(2)
Z Gj,a (u[ uc = N\/>/10€(2)+g v G]}Ot (u[z],uc) duc—l-ng@ <u[2],— \/E —l—fc\/g)

UcEUc
B TNQT 1,r= r— lo
— E 2 G;QQ D <’lt[2], :g}) —I—E \[)

_log(2)
V= +v/z00 ‘

+0(1)2" G (wig), ue) | due. (5.18)

Thanks to the exponential decay of e‘“T“, we have, as z — 0 for all r € Ny and L € N,

log(2)

" log(2) w2y [Tz VR =N

Gy <u[2], N vz > O (e") e, / . Gjo (w2 uc) due = O (7) 2= (5.19)
vz

Therefore, the lower boundary of the first integral in (5.18) can be extended to — 10g —/z00, and

all the terms except for the main term can be ignored introducing an error term of size O(eh)e 125

for all L € N. Meanwhile, the error term in (5.18) has size

_ log(2)
R Ve TVEe ‘G(2R+1) (

—1ED) ooz

z u[a), te)

du, = O (5(,\+§)(3j+2R+2)+R+Aeq;§) . (5.20)
By taking R sufficiently large, it follows from (5.18), (5.19), and (5.20) that

1 =2y
Z G]}Ot (u[2]auc) = m /log(2) iRy Gj,a (u[z],uc) du. + O (gLe T2e >
NE

UcEUe
19



for all L € N. Using the same argument, we sum over the other coordinates, and obtain that
1-N

z 2 7r2N

u€Tq, g;N,eMU A

for all L € N. Again, we may use Lemma 5.2 to restrict the integral to

Upy = {U[1]€< lo\g;) Rf) _ 1\“[1]}§€A}7

where pq) is the (N —1)-tuple associated to ] via (5.3), with a negligible error. So we may write

1-N

zZ 2 TN
> Gj(u)zNNl/u Gja (u [1])du[1]+O<ELe m).
[1]

uETqo,;N,eNU A

Applying the asymptotic expansion (5.16), we get

2_% ug+y/z00
Z G](u) = 7NN / / Gj (U[l], ua) duadu[l]
u€Tq,;N,eNU A u[l] up
— 1—N+r

St

Since U[1] has measure < eN=

U

DO+

Up

the error term in (5.21) has size

2

1 - R—1 =#“N
0 (6()\+2)(3J+R+N)+2 e e ) .

Now, we may use Lemma 5.2 again, to extend the integrals in (5.21) to (—M +Ry/z)N1

vz
Z Gj(u) = ?;g/ N1 /uah/goo Gj (upy, ta) dugdup
w€Tq g N,eMUs: 1 (*%H&ﬁ) ug
SE (r) (A1) Bj+R+N)+ B =N
* Z NN-T /(_bg\/(zg)+R\/g)N_l G; (u[ll’uﬁ) dup) + 0O (5 2 2 ) .

(7")(

Finally, since G i U[1], Ua) is holomorphic and has rapid decay, we may shift the path and write

N
z 2
Z Gj(u) = NN/ Gj(u)du
u€Tq,g;N,eNUe 2 Ra,g;N

1 1- N+r

* Z T / u[l]auﬁ) dupy +O< (A+é)(3j+R+N)+’gleq§g> ’
N—-1

where Ry g.n = {u € RN :uy > ug}. So we may set

_n2N
e 12z

Vi_N:i= / Gj(u)du, (5.22)
J NN R x J
22N

e 12z r _
Vj,r = 7_1WT‘+N—1 /]RN1 G( +N-1) (’LL[I],U5) d’l,L[l] (r > —N + 1). (5.23)

J
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Note that Vj, does not depend on z. ]
We are now ready to prove Proposition 5.1.

Proof of Proposition 5.1. We estimate the following expression, occuring in Lemma 5.4:

N R-1 R-1

(w) ’ 2€K12+ ) S 2K+11 ¥ Y Y Gl

r=0 ueT, BN gﬂlx{g’/\ 2T r=0 uen,ﬁ;]\f’gﬂu‘%%

By Lemma 5.5, we have

er

N+r
z 2 g G, (u —el2z E Vij— Nz

u€Tq, g;N,eNU A

j 1 +N£R N
10 (E(A+2)(2r+N+R R R e > .

Summing over r gives

R—-1 R r

zN2+T Z G (

r=0 uETayg;N,zr‘lue,)\ r=0 j

Vir—j— NZ2 —i—O( B(R=1)(M3)+N(+1)—3 2¢ 122]!)

22N
Since N > 2 and —2 < A < —3, the error term 0(5]\7()‘+%)JFBR()‘Jr Je Tz ) from Lemma 5.4 domi-
nates. Setting

.
Egp =Y Vip—jN (5.24)
=0

gives the proposition. O

Now we show that the asymptotic expansion above can also be applied for larger values of |y|,
with negligible error. We require the following technical lemma about A(y).

Lemma 5.6. Let s(y) := Re(ﬁ(% — ”i—QN) Then we have the following:

(1) We have s(y) <0 for all y € R, and the equality holds if and only if y = 0.
(2) For any yo > 0, there exists d > 0 such that s(y) < —d for all |y| > yo.
(3) We have, asy — 0,

2
st = (102 = T ) £+ 0 0).
Proof. (1) and (2) are easily verified, and (3) is obtained by evaluating the Taylor series at y = 0. [

Next we show that the asymptotic expansion in Proposition 5.1 gives a good approximation to

K] 1-3 45

Yo p: Ne( z) in the range y < e~ , which covers the major arc.

Proposition 5.7. Ify < 571,%%) then, for every L € N,

K 67712212\] Ro—1
gf[)c7g’;N,£(z) = GK+l N Z Ez 7"22 +0 (s e SEE >
2 +§7r? —0

as z — 0, where Eg, and Ry = Ro(L) are as in Proposition 5.1.

Proof. We split as in (5.2). By Proposition 4.1, we have, for all L € N as z — 0,

7T2N
gg(;]]w( ) < ebeme .
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[K1]

So it remains to estimate g, 8N & The proposition follows from the following claim:

7r2 z T
e~ e gg(ﬁl;\fe( ) — ¢ f % Z 22 | =0 (EL) .

T 2

From Proposition 3.4, if y < e~ +9 then we have an asymptotic expansion

N N 2
e—’&iévggﬂl}”( ) = 2~ (K+3)(+i) (1_2—<1+z'y>)*7 (;)262(?& ') (5.25)
— 20T Av+ - (= log(2)(1+iy)—Log(1—2~(1+iv)) ol r
X Z ¢ 3V Av+ oz (— log(2)(1-+iy) ~Log( 1Y Z D, (v,y)z?2
neSy g N NNz A
+ (s «f§>0(523052) T A (s i) Los(1-2 ) Ty

’nESawg;N!ﬁNg,,\

We claim that if ¢3¢ Ly K 1%+ for some § > 0, then we have, for all L € N,

2N [K,1]

e_ﬁg;{ﬁ’w’e(z) =0 (EL) . (5.26)

To prove (5.26), it suffices to show that the exponent

é (11\_’(_‘%)2/ jg) - %’UT.A’U + \;2 (— log(2)(1 + iy) — Log (1 ~(+iy) )) ZUJ

has negative real part of size > 7% for some & > 0; the other factors in (5.25) are bounded as
z — 0. By Lemma 5.6 (1) the real part of = Re(lfm); 125\1) = @ is negative. So it suffices to
show that this exponent has sufficiently large size and dominates other exponents with positive real

parts.

First consider the case e 973 < y < 1 for some (sufficiently small) § > 0. By Lemma 5.6 (3),
we find that

2
s
(y) > v > o2
€ €
as € — 0. Meanwhile, by computing the Taylor series expansion we have, as y — 0,

Re (— log(2)(1 + iy) — Log (1 - 27(1“@))) < 32

As |v| < € (see the proof of Proposition 3.3), we conclude that

N
Re —1log(2)(1 + iy) — Log (1 - 2_(1”9))) Z vj | < M2
j=1

=
Vz
Next we consider the exponent —f'vT.Av For this we split into two subcases.

(1) Suppose that e 92 < TR e1. Since v; is a real multiple of y/z, the condition y < el implies
that — T.A'v has negative real part as z — 0.

(2) Suppose el < y < 1. In this case we have |v| < 5%+’\, and it follows that —Jv7 Av < !+2\,

( ) has size > 29 and dominate other exponents appearing in (5.25)

that have positive real parts. So we conclude that (5.26) holds if e <« y < 1, by taking dp = 29.
22
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Next we consider the case 1 € y < e~1= 549 for some § > 0. We use the trivial bound
Re (— log(2)(1 + iy) — Log (1 — 2*(1“‘?’))) < 1

It then follows from the bound |v| < €* that
1 N
. — (144 A
Re NG (— log(2)(1 + 7y) — Log <1 — =0+ y)>> jg—l vj | e

Meanwhile, by Lemma 5.6 (2), we have @ > 1. Finally, as |v| < e} and z < 5_%”2, where
d> = min{1 + % A 5} > 0 (see the proof of Proposition 3.3), we deduce that |v| < et , and hence

—%UTAU < 5§+52

1

-, and this exponent dominates the other

From the computation above, we have that S(Ty) >
exponents. So (5.26) also holds

N =N _ 2N 1 T .
For the expression 275~ i el e Zfﬁo Ep 22, we only have a single exponent, namely
2N _ =N
122 12

. This exponent has negative real part of size

m™N  mN N 1
Re — R R | max{1+2X—2§,—1}
(122 125> 12¢ < e<1+iy) >>>5

for €279 < Y < 1540 1t follows that, for e10 « Y<K 6_1_%4'5, we have, for all L € N,

2N _7’N Ro—

e 12z 2ﬂ ZEKT%: ( )

2K+2ﬂ.

On the other hand, if y < e'***9 then, by Proposition 5.1, we have, for all L € N,

2N Ro—1

[K,1] e 12z
gaﬁNl() 2K+NZ;]E£TZ2 <<5 6125.
T

Choosing ¢ > 0 sufficiently small, the two cases cover the full range y < 5*17%”, establishing the
proposition. O

(K]

We are now ready to derive the asymptotic expansion of d, 3. (1)

Theorem 5.8. We have for R € N, as n — oo,

o 5
CREEF =1 ol s o ) ARG

r=0  ¢e(z/NZ)N 2T
NH(£)=n (modN)

where Eg, are as in Proposition 5.1 and
(—45)" B2 (A+r+2)
2y/mrll (A—r+3)

Proof. By Cauchy’s Theorem we have, for n € Ny,

[K]
1 [ Dgpn(@)
didn(n )—./C’B’N dg,

CAB,r ‘=

271 qn-i-l
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where C is a circle centred at the origin inside the unit circle surrounding zero exactly once counter-
2mg

clockwise. Using (5.1) and the change of variables ¢ = e™%, we write, for any € > 0, with (y ;== e~

nnNH@K 1 [T Kk nz
di ,,BN Z Z z(v ©) 27”/ ‘ QLgNe( Jen dz. (5.27)
k 0 £e(Z/NZ)N e—m

Let 6 > 0 be fixed. We split the integral into the major arc C1(¢) := {z = e(1 + iy) : |y| < 0}
and the minor arc Ca(e) := {z = (1 +iy) : 0 < |y| < T}. Note that Proposition 5.7 applies for the

whole major arc (because el-5 e s 1). So on the major arc, for every L € N, we have

2N Rp—1
K e 12z 7'r2N
I e®) - Py > Eppz? <eleme, (5.28)
T2 =0

where Ry = Ry(L) is given as in Proposition 5.1. On the minor arc, we use Propositions 4.2 and 5.7
to obtain for all L € N,

7r2
g vae(z) < eleE (5.29)
Let A >0, B > 0. By [15, Lemma 3.7], we have, as n — oo,
R—1
i AP Anz g, _ o 1(-24-3) 2By Z CABr | o (n,g> _
21 Je, (A) na
vn r=0
Hence we obtain the asymptotic expansion
271{7l 7ﬂ T nz
W/ el2z ZEgrwerz
211 Cl(
F
n _ z r4+3
e"V3 Rl L2J N = R+3
__evr Ry - <> +o(n ) | (530
9K+5 5% =0 i=0 5*375\/; YA\ n (5.30)
Tr2
Meanwhile, if a function h satisfies h(z) < ele 5t as e — 0 for L > 0, then we have, as n — oo,
TN .
1 [avat™ ns n
[ h(2)eRdz =0 (n*%e’f\/?), (5.31)
2w ) =N

and we use (5.31) to evaluate the minor arc integral and the error integral.
Let R € N. We set L = &3 and we pick Ry = Ro(L) as in Proposition 5.1, and write

1 K]

2mi Jo( 7:/1L>gaBN€( z)eN dz
2vV3n
_K-1 N 9 Ro—1
= 2227T2/ ez Z Ep,27eN dz + 21 h(z)e™ dz,
e = ™ Je(3%)

2 2
TN R+3 w“N
where we have h(z) < elem: = ¢ 2 e

integrals above can be evaluated as

(5.28) and (5.29). Using (5.30) and (5.31), the

n R 1L r+3
ew\/; 0— (N) 4 Ro+3 +3 7
NS e men (V) o (i) | co (V).
2K+%ﬂ.% "0 =0 50y *J e n
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As the terms with r > R also have size O(n_%e”\/g), we may truncate the asymptotic expansion,

and obtain

1 eﬂ' % R_l \‘%J r+3

K] nz 4 _R+3

LT e SR ()T o)
2mi Je (=) o5 (?) oK+5 5% — Y T e ™
Plugging this back into (5.27) gives

/2 R—1N-1 |5] N s

A5y = D - NHEENS By, ( ) Lo (05

a,B;N 1 N N . N =27
2K+27T2N r=0 k=0 £(Z/NZ)N =0 \/? n ( )

The theorem follows, using orthogonality of roots of unity. O

6. PROOF OF THEOREMS 1.1 AND 1.2

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. To prove Theorem 1.1, it suffices to determine the first two terms in Theo-

rem 5.8. We compute
N1 1 [xN
c =—) c, . =—\/—.
03vE0 T 3va.3n hayFo 1V 3

We follow the proof of Proposition 5.1 to determine Ep and Eg ;. To begin with, we compute the
coefficients Cp(u) and C1(u) in the formal power series expansion (3.10). We expand

o bT 1 Nz N 5 u; 67",2“? L 1\ 271
exp(gi)(u,z)) =exXp | —0 uz2 — ﬂ — ZZ r _ﬁ — 7 ig_, 5 "

j=1r>2

Noting that we have

exp —iz <Br <—\%> - (Szu?> Liy , (;) Z;!l =1 +i (—u; + ?) Vz +0(2),

j=1r>2

N N .
1
exp (—bTu\/E) =1- ijuj\/g+ O(z)=1+ Z <—]‘<[ + 5 ej> ujvz + 0(z),
j=1 j=1
we get,

Next we compute the constants Vo _n, Vo,1—n, and V; _n. For this we use the evaluations

N
2N T2

T N T
e 2= / Gg(u)du:/ e Ydu = 5
Ra, 6N Ra,p;N
771‘2]\7

—u2 4T T
2= d = YT g =
e 12 /RN—1 Gy (u[l],uB) U] /RN_I e U]

where Ry g.n = {u € RN : uq > ug}. Meanwhile, we compute

_71'21\7 T
e 12z / Gl(u)du:/ Ci(u)e™ “du
Ra,8;N Ra,s;n
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__Z< +e]>/RQM e U Uy 4 = Z/QM e Udu. (6.1)

We consider the first integral on the right-hand side. If j ¢ {«, 5}, then we have

T 2,2 T
/ uje “du:/ e Ya uﬂduadu/g/ uje” ™ Ydu =0
Ra,8;N Ua>Ug RN—2

because the rightmost integral is anti-symmetric with respect to u;. On the other hand, we have

N—-1

m 2

T 2.2 T
/ Uge ™ "du:/ Uge "o uﬁduadU,g/ e tduy = ——,
T\’,a”@v;]\] Ua>UB RN -2 2\/i

N—-1

—u2 —y2 T 2
/ u5e”T”du:/ uge @ uﬁduadUB/ e gy =
RQ’B;N Ua>UB RN-2 2\/i

The second integral on the right of (6.1) is invariant under interchanging u, and ug. Hence

N T 1 N T
S e au= 3 [ e rdu—o,
j=1 Ra,p;N j=1 RN

since the integral is anti-symmetric. Plugging into (6.1), it follows that

_x2N N B— T 2
ez /RQ’B;NGKU)dU—< N tles— )> EWoR

It follows from (5.22) and (5.23) (and (5.17) for W) that

N-1

v B ] v B T 1 [la —tlgln v 77TN271(ﬂ—O£+N(€5—6a))
0,-N = 5N+ YO1-N = JZNN-1 N ’ L-N = 2V/2NN+1 ’
Finally, using (5.24), we compute

N
T2
E = _ = —
2,0 %, N INN’
N-—-1
T2 2[€a—€5]]\[ B—Ox—i—N(@B—ea)
Ep1=Vo1— VieNn=—+7—7-—(1- .
2,1 01-N + V1N 5VaNN-1 < N + e
Theorem 1.1 then follows from Theorem 5.8. O

To prove Theorem 1.2, we need the following lemma, which follows by a direct calculation.
Lemma 6.1. Let N >5, 1 <o, <N, and r,4n,lg € Z/NZ. Then
# {2 € (Z/NZ)N™2 . NH (L1g], la, lg) =7 (mod N)} = NV72,
where £ig) € (Z/NZ)N=2 runs through the indices j & {a, B}.
Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. The case N = 2 can be verified directly from Theorem 1.1. Now suppose
that N > 5. By Lemma 6.1, for every r,{y,l3 € Z/NZ, there exist NN=3 tuples £ € (Z/NZ)N
such that NH(£) = r (mod N). So we may evaluate the inner sum in Theorem 1.1 as follows:

N2 —2N[l, — —a+N(eg—eq
) <1+ [ gﬁ]N‘tﬁ a+N(eg—e )n_31>
2-31V/N

Le(Z/NZ)N
NH(£)=r (mod N)
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_N _ N (eq —
— NN (1 y I ¥Boot Nie ea)n‘i> . O
2-31VN

7. NUMERICAL EXAMPLES

We provide numerical data supporting our statements. All computations were done in PARI/GP
and the plots were created in Sage [16, 17].

7.1. Numerical data for IN = 2. We provide some numerical data for the parity bias problem.

Example. Let N =2, {a, 8} = {1,2}, and K € {0, 1}, corresponding to the claims in [2, 12]. The
numbers d[llg;z(n), d[;(l];z(n) and their difference for 0 < n < 50 are given in Table 1 for K = 0 and
in Table 2 for K = 1. The differences d[llgg(n) - d[ffl}ﬂ(n) are plotted for 0 < n < 100 in Figure 1.
For K = 0 we observe, in accordance with [2, 12], that d[B]Q;Q(n) > d[ﬂﬂ(n) for n > 20. For K =1,
we note that the numbers for 13 < n < 29 agree with the claim in [2], Problem 6.1, i.e.,

>0 ifnis even
d[l] . o d[l] . ’
1,2,2(n) 27172(71) <0 ifnisodd,

whereas numerics suggests that for all n > 29 we have d[11]22(n) — d[;]lg(n) < 0. This was checked

numerically up to n < 10000 which took 5 minutes using PARI/GP on an Apple M1 Pro chip.

30000 -
0K=0
oK=1 .
20000 - . .
10000 .
' ' sezazete T . .
20 40 60 *eeenge 480, | 100
~10000 -
~20000 -

FIGURE 1. d'y,(n) — dyil,(n) for 0 < n <100, K € {0,1}

Furthermore, the numbers (d[l[gﬂ(n)—61[2]7(1];2(n))n«f7r 5 are plotted in Figure 2 for 10 < n < 5000.

Supporting Corollary 1.3, the figure suggests that they converge to (—1)% 25K 3_%, independently
of n (mod 2).
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—0.05 A

0.04 + 0.06 0.08 0.1

(K]

Sl

0

FIGURE 2. (L, (d}55(n) — dytly(n))ne™™VE) for 10 < n < 5000, K € {0,1}

n 1 2 3456789 10 11 12 13 14 15 16 17 18
d’h(n) 1 0 11121426 3 9 5 12 9 17 14 22
dy)5(n) 01 01021223 4 4 7 5 11 7 16 10

dly(n) —dyly(n)[1 -1 1010020 3 -1 5 -2 7 -2 10 -2 12

19 20 21 22 23 24 25

26 27 28 29 30 31 32 33

34 35

22 29 33 38 48 50 68
23 15 32 21 43 32 57
-1 14 1 17 5 18 11

36 37 38 39 40 41

656 95 86 128 113 172 149 226
45 74 66 96 92 123 129 157
20 21 20 32 21 49 20 69

42 43 44 45 46 47 48

197 295
175 199
22 96

49 50

260 379 342 485 449 613
239 253 316 320 419 406
21 126 26 165 30 207

587 773 T62 967 987 1206 1269
544 514 704 652 898 825 1142
43 259 58 315 89 381 127

TABLE 1. Numerics for K = 0.
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n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
di'ho(n) o0 1 0 1 0 1 1 1 2 1 4 1 6 2 9 3
dy}5(n) 0 1 0 1 0 2 0 2 1 3 2 4 4 5 7 6 11

dihy(n) —dylym)[0 -1 1 -1 1 -2 1 -1 0 -1 -1 0 -3 1 -5 3 -8

8 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35

12 5 16 9 20 14 26 22 32 33 40 48 50 67 63 93 79 125
8 16 11 23 14 32 20 43 27 57 39 74 54 95 76 121 103 153
4 -11 5 —-14 6 —-18 6 —-21 5 -24 1 -26 —4 —-28 —-13 —-28 —24 —28

36 37 38 39 40 41 42 43 44 45 46 47 48 49 50
101 166 129 216 166 279 215 354 27v8 448 360 559 467 695 603
143 191 191 239 257 297 338 369 444 458 572 569 737 705 935
-42 =25 —-62 -23 -91 -18 -123 -15 —-166 —-10 -—-212 —-10 —-270 —-10 —332

TABLE 2. Numerics for K = 1.

7.2. Numerical data for N = 3. We give numerical data to illustrate Corollary 1.4.
Example. We consider N = 3 and K = 0. The first 17 values for d[107]2;3(n) and d[f]Q;S(n), and their

difference are listed in Table 3. Figure 3 depicts the difference d[l%;g(n) - d[;]l;?)(n) for 0 <n < 100.

Moreover, the numbers (d[l?]z;g(n) - al[zoy}l;g(n))ne_7r 5 are plotted for 10 < n < 1000 in Figure 4. As
pointed out above, we observe that the asymptotics of the difference indeed depend on n (mod 3).

n 1 2 34 5 67 8 910 11 12 13 14 15 16 17
d’h5(n) 1 0 02 1 04 2 08 4 1 14 8 2 24 14

di} 5 (n) 01 00 2 01 4 0 2 8 0 4 14 1 8 2
dly(n)—dhsm) |1 -1 02 -1 03 20 6 -4 1 10 -6 1 16 —10

TABLE 3. Numerics for N =3, K = 0.
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—20000000 .
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FIGURE 3. d[lo’]2;3(n) - d[ﬂ;g(n) for 0 < n <100

0.15 4

0.10 A

0.05 4

Sl

0.00 4 T T T T T
0.002 0.004 0.006 0.008 0.010

—0.05 A

FIGURE 4. (L, (dh5(n) — d5}.5(n))ne™™V3) for 10 < n < 1000

REFERENCES

[1] G. Andrews, Questions and conjectures in partition theory, Am. Math. Monthly 93 (1986), 708-711.
[2] K. Banerjee, S. Bhattacharjee, M. Dastidar, P. Mahanta, and M. Saikia, Parity biases in partitions and restricted
partitions, European J. Combin. 103 (2022).
30



[3] O. Beckwith and M. Mertens, The number of parts in certain residue classes of integer partitions, Research in

Number Theory 1:11 (2015).

[4] F. Calegari, S. Garoufalidis, and D. Zagier, Bloch groups, algebraic K-theory, units and Nahm’s Conjecture, to

appear in Annales Scientifiques de I’Ecole Normale Supérieure.

[5] S. Chern, Further results on biases in integer partitions, Bull. Korean Math. Soc. 59:1 (2022), 111-117.
[6] N. Dartyge and A. Sarkozy, Arithmetic Properties of summands of partitions II, Ramanujan J. 10 (2005), 383~

394.

[7] N. Dartyge, A. Sarkozy, and M. Szalay, On the distribution of the summands of partitions in residue classes,

Acta Math. Hungar. 109 (2005), 215-237.

| N. Dartyge, A. Sarkozy, and M. Szalay, On the distribution of the summands of unequal partitions in residue

classes, Acta Math. Hungar. 110 (2006), 323-335.
S. Garoufalidis and D. Zagier, Asymptotics of Nahm sums at Toots of unity, Ramanujan J. 55 (2021), 219-238.
S. Garoufalidis and D. Zagier, Knots and their related q-series, arXiv:2304.09377, 2023.

B. Kim, E. Kim, and J. Lovejoy, Parity bias in partitions. European J. Combin. 89 (2020), 103159.
M. Kontsevich and Y. Soibelman, Cohomological Hall algebra, exponential Hodge structures and motivic
Donaldson-Thomas invariants, Commun. Number Theory Phys. 5 no. 2 (2011), 231-352.

]
|
] B. Kim and E. Kim, Biases in integer partitions. Bull. Aust. Math. Soc. 104:2 (2021), 177-186.
]
|

[14] W. Nahm, Conformal field theory and torsion elements of the Bloch group In: Frontiers in number theory,

physics, and geometry. II, pages 67-132. Springer, Berlin, 2007.

[15] H. Ngo and R. Rhoades, Integer partitions, probabilities and quantum modular forms. Res. Math. Sci. 4:17

(2017).

| The PARI Group, PARI/GP wversion 2.15.0, Univ. Bordeaux, 2022, http://pari.math.u-bordeaux.fr.
] The Sage developers SageMath, the Sage mathematics software system (Version 9.6), 2022,

https://www.sagemath.org.

[18] M. Vlasenko and S. Zwegers, Nahm’s conjecture: asymptotic computations and counterezamples, Commun.

Number Theory Phys. 5 (2021), 617-642.

[19] D. Zagier, The Mellin transform and related analytic techniques, Appendix to E. Zeidler, Quantum Field Theory

I: Basics in mathematics and physics. A bridge between mathematicians and physicists, 305—-323. Springer, Berlin
(2006).

[20] D. Zagier, The dilogarithm function, In: P. Cartier, P. Moussa, B. Julia, P. Vanhove (eds), Frontiers in number

theory, physics, and geometry II. Springer, Berlin, Heidelberg (2007).

UNIVERSITY OF COLOGNE, DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, WEYERTAL 86-90, 50931

COLOGNE, GERMANY

Email address: kbringma@math.uni-koeln.de
Email address: sman1@math.uni-koeln.de

CHARLES UNIVERSITY, FACULTY OF MATHEMATICS AND PHYSICS, DEPARTMENT OF ALGEBRA, SOKOLOVSKA

49/83, 186 75 PRAHA 8, CZECHIA

Email address: shman@karlin.mff.cuni.cz

DEPARTMENT OF MATHEMATICS, 1420 STEVENSON CENTER, VANDERBILT UNIVERSITY, NASHVILLE, TN 37240
Email address: larry.rolen@vanderbilt.edu

MAX PLANCK INSTITUTE FOR MATHEMATICS, VIVATSGASSE 7, 53111 BONN, GERMANY
Email address: storzer@mpim-bonn.mpg.de

31



